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SECTION I

INTRODUCTION

In air defense and air traffic control systems, data from the
system radars are stereographically profected onto a common coordi-
nate plane for presentation to system operators. The stereographic
projection of radar data involves two steps; stereographic projection
using slant range, azimuth and height information to obtain polar
coordinates in 4 plane of projection centered at the radar site, and
transformation of the radar coordinates into cartesian coordinates

on a common coordinate plane.

The stercographic projnction and transformation process is
mathematically complex. Because of the comoutationa)l complexity,
several assumptions and approximations have been nade to expedite
processing time without undulv sacriffcing accuracy. The preseat

- SAGE/BUIC equations for computing vadar coordinates, although
satisfactory for their intendad hsage, introduce unacceptable regise
tration crrovs when extended to large reglons as will be encountered
in the Joiat Surveillance Svstew (JSN), -

This veport describes analysts that was performed on the steveo-
~ gruphic projection process. Bruations for obrafning stereographic
ground range ave derived. The darivation indlcates that the SAGE/
BUIC ground range vauation lacks a scale Factor vital to proper
registration {n large regions. The scale factor 1s a function of
‘the radius of the earth at a radar site and the radius'of'ﬁhe con-

formal sphere.

’ Pieceding page blank




SECTIG 1X

EFFECT OF THE CONFORMAL SPHERE ON STEREOGRAPHIC PROJECTION

STEREOGRAPHIC PROJECTION

Stereographic projection is a method for mapping points in
space onto a plane tangent to a sphere. This sphere is termed the
conformal sphere and its radius is arbitrary. Figure I depicts the
projection geometry for a cross section of the sphere. The cross
section is obtained by passing a plane through the center of the
sphere, the aircraft, and the point of tangency. The intersection
of this plane and the sphere is a great circle. Mapping of point A
in space onto the tangent plane BB” results in the stereographic
ground range DT. DT is obtained by passing a line from point O,
opposite the point of tangency D, through point P, the point of
projection, and intersecting the tangent plane. Point P is the
intersection of the line containing point A and the center of the
earth, point C, and the great circle. If angle DCP is designated as
¥, then gngle DOP equals Y/2 since DC=C0=CP. The stereographic

ground range DT is determined as follows.

DT = DO tan (‘%) (1)

If DT is defined as R and DC, CO, CP are defined as Ec’ then
equation (1) takes the form:

R = ZEc tan (%)

1 + cosy

1/2
- ZEC[_l_—_ggail / - (2)

The stereographic ground range R is therefore divectly proportional

to the radius of the conformal sphere Ec.

11 | Preceding page blank
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Figure |. STEREOGRAPHIC PROJECTION
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THE RADAR PLANE

Radar data are stereographically projected onto a plane centered
at the reporting radar site and tangent to the conformal sphere. The
plane will be termed the radar plane. The coordinate axes of the
radar plane are oriented such that the positive Y axis is directed
toward true north and the positive X axis towards east. Figure II
shows the orientation of the coordinate axes on the radar piane. An
aircraft's location on the plane is expressed in polar coordinates.
The range R is the stereographic ground range, and the azimuth angle .
9 1is the azimuth of the radar return. Azimuth angles are measured
clockwise from the positive Y axis.

DETERMINATION OF STEREOGRAPRIC GROUND RANGE

Radar slant range, height of the aircraft above sea level and
elevation of the site above sea level are used to determine the
stereographic ground range o! an aircraft on the radar plane. The
angle ¢ betweeﬁ the radar site, the center of .the earth and the
alrcraft are used in equation (2) to calculate the stereographic
ground range. The angle ¢ can be calculated if the earth is assumed
to be spherical. Figure IIT illustrates the radar geometry for a .
cross section of a spherical earth where Es is the radius of the -
earth, h is the site elevation, S is the measured slant range and H
is the aircraft height. From Figure III the angle V¢ may be cqlculated

from rthe law of cosines.

sg = (Es + h)2 + (Es + H)2 - 2(E8+ h)(Es+ H) cosy

(1 - h)? - g2
2(E, + WCE, + 0
¥l 3)
1 - . |
Z(E8 + h)(hs + H)

cosy = 1 +

13
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where:
P2 =52 - @ -n)?
Substituting the results of equation (3) into equation (2),
the ground range R may be obtained as follows.

-

2 1/2
4_ R = 2E_ £ -
4B+ RI(E 4 H) - F
| : 2]-1/2
4 IS S 8 . N ! 4)
Eg Es B2 4p?
s 8

b

; Reference 1 page 7 presents the SAGE/BUIC formulation of the ground
range wherein it is assumed that Ec and Es are equal and thus cancel. It

will be shown that for the large regions that will be encountered in the

JS§ system, this assumption results in unacceptable registration errors.

APPROXIMATIONS TO GROUND RANGE

s o et e A LR e 2 g A

_ The accuracy of typical common digitizer search radar out-

) puts is 0.25 nmi in range and 0.18° in azimuth, Registration

X errors are a combination of data errors, radar site location errors,
é : and errors due to approximations in the stereographic projection

E process. Since equation (4) i{s computationally complex, an approxi-
mation which does not unduly sacrifice accuracy is used to expedite

processing time. A maximum ervor, induced by approximation,of 0.18

R

nmi provides a reasonable compromise between processing requirements
and registration accuracy. Four approximations are presented in this
%' section; the series approximation, the first order approximation,
. the JSS approximation and the current SAGE/BUIC approximation.

L f 16




The Series Approximation

Equation (4) may be written in the following form.

EF
R =
H+h 6 Hh 2 1/2 (5)
E(l+ F Y 32- "3
s E 4F
8 L]

The term within brackets in the denominator of equation (5) may then
be expressed by the following series expansion.

2
(1«0-1‘)"‘-1+nx+““;!Ix + ...
where:
2
H ; h +‘E% - -EE and

s E 4E

) s
n=
2

The maximum value of x encountered in a JSS region is 0.005.
Since x < < 1, all but the first order term of the series may be

ignored and equation (3) may be expressed as follows.
EcF

H+h . HW F2 (6)
E\l*+= 5 * T2~ "7
8 2Es 8E

S

R =

The First Order Approximation

The bracketed term in the demoninator of equation (6) contains

a first order term and two second order terms. The maximum value of

B+h o 0.00248, the maximum value of 1‘-"—,— 1s 0,000000721, and the

i3 )
8 2E
" ]

maximum value of -Ef is 0.000424, Since the second order terms are
8E
s

smaller than the first order term, they may be neglected and equation

(6) may be expressed as follows.

17




EF
c

Rzn 1+ 8D @
8 2Ee

The JSS Approximation

By replacing the aircraft height term (H) in the demoninator of
equation (7) by a constant, equation (7) may be expressed as follows.
RcF

(“mf2)+ h (8)
F.s(l +——i-£:——~

R =

wvhere:
“m i5 the maximum expected afrcraft altitude équal to 100,000 ft.
Equation (8) may be expressed in the follouing furﬁ.
R s cP |

wvhere: ' ¥

AT
-'F-,(* YR

This 18 a particularly good approximation since the stereographic

ground range §s obtatned from a simple scale multiplication of the
quantity F. This ereatly decreases the time recuired to process
radar veturns. The constant C {e adaptation defined on a site-by-
site basis. :

The Current SAREIHUIC Apnroximation

1f Ec ip assunad to be the same ii E_. equation (8) is expressed
as follous. ‘ '
F

‘ " - B ()
(E *'f“fiizr-‘ :

o

18




EARTH MODEL

The earth is not a perfect sphere. Therefore, for precise
calculations of steveographic ground range, a model for the geometric
shape of the earth aust be adopted. An appropriate first order
representation is an ellipspid. The ellipsoid is generated by
- .yevolving an ellipse about its semiminor axis. The earth model can
therefore be specified by its semimajor axis or equatorial radius
' Eq and the eccentricity e. A cross section of the adopted earth
wodel is shown in Figure IV. The eccentricity is defined as follows.

0% = 2f = £2 ' ~(10)

' where:

Eb is the semiminor a:is_or volar tid!hn

 The International Ellipsodd of 1926 will be used for the purpose of
- 'ehip,gepbtt: thuas, Sq equale 3444.056 uni,and_ez equals .00672267. 

ifﬂiﬁpiqg fgogislliﬂébid;to Sphere

: Ihe’utereégraphic projection equations have been derived for a
sphere, It is therefore necessary to transform points on or above
the ellipsoid to points ou or above the sphere. This transformation
aust be conformal, i.e., angle preserving, if the final stereographic
- projection is to be conformal. Tkefcrénce 2 page 86 derives the ie-
‘lationship between the ellipsoid and the conformal aphere. The
- wappiog of points on or above s location on the ellipsoid onto the
- couformal sphere i perfciwed as follows. '

A=)

19
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In these equations:
L, 2 are the geographical latitude and longitude of the point
on the ellipsoid
¢, A“ are the latitude and longitude of the corresponding
point on the conformal sphere. The latitude ¢ 1is
called the conformal latitude.
e is the eccentricity of the earth.
Since the mapping process involves only a transformation of latitudec,
the stereographic projection equations are valid for the ellipsoid
if the conformal latitude (%) is used in place of the geographic
latitude (L).

Radius of the Earth to a Radar Site

In determination of the stereographic ground range, a spherical
earth was used to compute the angle that subtends the radar site
and the target. Since the earth is actuallv modeled bv an ellipsoid,
the use of a spherical earth in calculating stereographic ground
range without introducing corrections teo slant range and height to
allow for the conformal projection,will introduce a certain awount
of error. To minimize this error, the radius of the spherical earth
EB is set equal to the distance from the center of the ellipsoid to
the surface of the ellipsoid at the radar eite as shown in Figure
IV. The distance Es is calculated as follows.

o el 4 gy 1/2
E, Xy + Y s) (12)

wvheare:
!q = N cosL

v - Q- 2%) N sinl

21
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L is the geographic latitude.

N =

Table I gives the radius of the Earth at latitudes between 0 and
90 degrees.

Table I
Earth Radius Versus Latitude

Geographic Latitude " Earth Radius (nni)
0° 3444.054
10° 3443.707
20° 3442.708
30° J441.173
40° 3439,286
R 50° 3437,273
D ¢ 60° _ 3635.375
K ‘ 0 3433.824
80° . 332,010
90° - 3432.458
i%i o - Calculations show that the resulting error is greatest for

s target morth or south of the radar and does not excesd + 0.03 ami™
at & range of 250 nmi, ' o ' ' '

THE COMMON COORDINATE PLANE

{i ’ - In & large air surveillance regicn such as will be encountered
; | in the JSS, several radars are linked together in order to dinpliy a
iE ' .. composite air surveillance picture. It is thereférg_nacesnary to
trausforn coordiniates on the fndividual rsasr planes to coordinates
on a common plane. The triacfotiw:!on procens vequires that the
coordinates of the redars on the common plane and that angular ro-
tations betveen the radar planes and the comson plane be known. -




The origin of the common plane or region center is defined as
the center of the smallest circle that will circumscribe all radars
tied into the air surveillance region. The common plane is tangent
to the conformal sphere. The coordinates axes are oriented such
that the positive Y axis is directed towards true worth and the
positive X axis is directed towards east. Coordimates on the common

plane are expressed in cartesian coordinates.

Radar Coordinates on the Common Plane

A radar site or other known location can be steveographically
projected onto the common coordinate plane. Reference 3 page 53
derives the equations necessary to project a pOiﬂE.Oﬁ the conformal
sphere onto the cowmon coovdinate plane. The rectangular coordinates
of a radar site or other kaown location xr,-vr on tha cotmon plunar
are obtained as follows.

. - 5{nﬂ\§6ﬁ§ _ '

kr " 2hc 1+ sinesine + casecoseotosai . (;3)
sinetosé - cuseainéncesaa .

Y = ’8 {14)

4 l +. aanésinen + cosécos@ocosdl -

wheres
R “are the conformal latitude and longitude of the
point to ®e projected
¢0. Ab _are the conformal latitude and longitude of the

region center
QA = A - & if iongitudes are measured positive west of the.
prime meridian
-} - . 4f longitudes arc measured positive east of the

" priee moridian

23




Angular Rotation

As indicated in reference 3 page 6, an angular rotation of the
radar plane with respect to the common coordinate plane is necessary
for the transformation process. The effect of the rotatiom is to
inake the axes of the radar plane more nearly parallel to the axes of
the common plane. The angle of rotation is shown in reference 3 to

be:
' = (sin¢ + sind;)sinAd
cosécos¢0_+ (1 + sin@sin@o)cosAx

8 » tan (15)

Transformation of Radar Coordinates on the Commen Plane

The equations for transformation of vadar coordinates to
coordinates in the common ceordinéte-piane ave derived in reference
3 pages 3 - 15. The exact transformation equations involve an in-
~finite geries, Tb,lessen-the procesging fequiremenc without unduly
sacrificing accuracy a second ovder approximation is used., Rectangular
, :coardinates X, ¥ are obtained as follows. o o '

%=X+ K@Retn(o + 8) + AR%atal2(0 + 6) ~ ¥D) - (16
VY% K(kcos(0 + 8) + ARZcos(20 + B) ~v]) ()
. where: | ' o H
. Ug
L
R
. €
"
A=—%
o8’
4 €
| 2, 2,142
LA ‘xr + ‘r)

X
=17 e

Y = tan <:§f)
.



R is the stereographic ground range
6 1s the azimuth angle measured clockwise from north at the
" radar site
Xr’ Yr are the coordinates of the reportinz radar on the
common plane
Since the coordinates of an airersft on the comnon plane are a
- function of the stereographic ground range R, any error in the
stereographic ground range will appear as a misregistration on the

common coordirate plane,

THE CONFORMAL SPHERE

The cemmon coordinate plane and all radar planes are tangent to
the conformal sphere. The radius of the conformal sphere is arbi-
trary, but is chosen to minimize the scale errors that will be en~
countered in the air surveillance region. Scale errors result in
r.., .ing from the ellipsoid to the -conformal sphere and in mapping

from the co~formal sphere onto the tangent plane.

Scale Factor — Ellipsoid to Conformal Sphere

The scale factor associated with mapping from the ellipsoid to
the conformal sphere is the ratio of a linear element on the conformal
sphere to a corresponding linear element on the ellipsoid. From
reference 2 page 86, the s:ale factor associated with a point of

projection is:
Eccos¢

k., =

1 NcoskL (18)

where:

¢ is the conformal latitude of the point to be projected
L is the geographic latitude of the point to be projected

25




The scale factpr ie a functica of the radius of the conformal sphere
and the conformsl and geographic latitude of the point tc be pro-
jected, The scale factor can bg\expresaed as follows.

E {1 - ezsinzL)lfzcosQ

o -—c
E L
q cos

E -
= é ky 19)

ky

Table II gives values of ki for several different latitudes.

Table II
Scale Factor — Ellipsoid to Sphere versus Latitude

Geographic Latitude Scale Factor k!
0° 1.00000000
10° 1.00010671
20° 1,00039099
30° 1.00083667
40° 1.00138493
50° 1.00197024
60° 1.00252293
70° 1.00297314
80° 1.00326821
90° 1,00337838

Scale Factor — Conformal Sphere to Plane

The scale factor associated with mapping from the conformal
sphere to the plane of projection is the ratio of a linear element
on the plane of projection to a corresponding linear element on the
conformal sphere. The scale factor is therefore a function of the
angular separation between the origin of the plane and the point of
projectlon. The distance on the sphere between the origin of the
plane and the point of projection is calculated as follows.

D e Ecw (20)
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The stereographic ground range R is given by equation (1) as
follows.

R = ZEctan(%) (21)

The scale factor associated with mapping from the conformal sphere

to the plane of projection is calculated as follows.

dr
k - __.{ill{'f.
2 dp/ v

s

2

"1F cosy (22)

Table III presents the scale factor k2 as a function of angular
separation.

Table TII

Scale Factor — Conformal Sphere to Plane versus Angular Separation

Angular Separation Scale Factor k,
0° 1.00000000
2° 1.00030468
4° 1.00121946
6° 1.00274658
8° 1.00488976

10° 1.00765427
12° 1.01104690
14° 1.01507605
16° 1.01975173
18° 1.02508563
20° 1.03109120

Aircraft and radar locations in the air surveillance region are
presented on the common plane. The scale factor kzg agsociated with
the common plane is a function of the angular separation between the
region center and the point of interest. From reference 3 page 23,

the angular separation between tha region center and a point of
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interest can be expressed in terms of their locations on the conformal
sphere as follows.

cosy = sin¢sin¢o + cos¢cos¢ocosA1 (23)
Combining equations (22) and (23) the scale factor kz is expressed
as follows.

k 2 (24)

2 T+ sin¢sin¢0 + cos¢cos¢ocosAl

Calculation of the Radius of the Conformal Sphere

The total scale factor in mapping a point from the ellipsoid to
the common coordinate plane is the product of kl and kz. The total
scale factor is expressed as follows.

2Eccos¢

k = NcosL(1 + sin¢sin¢0 + cos¢cos¢ocosAA)

(25)

The scale fector expresses the ratio of a linear element on the
common coordinate plane to the corresponding element on the ellipsoid,
The scale factor therefore represents the ratio of the velocity on
the common plane to the corresponding velocity on the ellipsoid. A
unity scale factor is highly desirable since velocity on the common
plane will represent actual ground speed. The scala error is defined
as the difference between the scale factor at a point in the region
and a unity scale factor. The scale error € is expressed as follows.

ZBccos¢
- NcosL (1 + sin¢sin¢o + cos¢cos¢ocosAA) -

€ 1l

-ECA-J. ' (26)

The oxtent of an air surveillance region is defined by the location
of the radars that are tied into it. Since the scale error varies
as a function of the location and separation of a point from the
region center, it is highly desirable to minimize the maximum scale
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errors that will be encountered, From equation (26) the value of
the scale error at a point can be varied by varying the radius of
the conformal sphere Ec' It is therefore possible to obtain both
positive and negative scale errors. To minimize the magnitude of
the largest scale error, Ec is chosen such that the magnitude of the
maximum negative scale error is equal to the maximum positive scale

error. The radius of the conformal sphere is obtained as follows. .

E s ——F— (27)

where Amin and Amax are the smallest and largest A calculated for
the region center and all radars tied to the region. Substituting
equations (19) and (24) into equation (2%) the value of A may be
calculated as follows.
kyky
Aw—= (28)

E
q

The values of Amax and Amin for a given region can therefore be
determined from Tables IT and ITI, The following general conclusions
can be drawn from examination of the tables.
1, Amin usually corresponds to the region center since its
value of kz is unity.
2. Amax usually corresponds to the most distant radar since it
has the largest angular separation. If two radars have the
same angular separation, Amax will correspond to the more

northerly since it will have the larger kl value,
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Table IV shows values of Ec calculated for a region center at a
geographic latitude of 45° and radar sites directly north and south
of the region center. Table IV shows that the radius of the conformsl
sphere decreases markedly as the region gize increases.

Tabla IV

Ec Versus Region Size

Geographic Latitude Distance From

of Most Distant Radar Region Center Ec
47° 120,012 3437.561
49° 240210 3435.787
51° - 359,997 3435.963
53° 479.970 3429,088
57° 719.881 3418.170
61° 959,744 3403.004
65° 1199.563 3383.553
43° 120,026 3437.964
41° 240,064 3436.596
39° 360.116 3434.179
37° 480.179 3430,714 .
33° 720,342 3420,628
29° 960,553 3406.314
25° 1200.808 3387.749

Effect of Ec/Es

The JSS stereographic ground range equation, equation (8), and

the current SAGE/BUIC stereographic ground range equation, equation
(9), differ by the scale factor Ec/Es' The effect of Ec/Eq can be
expressed as the difference between the two equations as follows.

ooffe -3

E
- u(l - Es) (29)




Since stereographic ground range is transfermed into coordinates on
the common plane, s difference in the ground ranges will result in a
corresponding misregistration on the common plane. The quantity R
in equation (29) represents an approximation. Since the design
registration error budget in JSS is .16 nmi, R must differ from its
actual value by no more than .18 nmi. (A detailed review of the
errors induced by an error in R is teyond the scope of this report.)
Therefore a difference calculated by equation (29) greater than .36
nmi will guarantee an unacceptable registration error if the SAGE/
BUIC stereographic ground r -ge is used, To show the effect of
Ec/ES as a function of region size, values of § are shown in Table
V for the radar locations, region center and values of Ec indicated
in Table IV, The value of R was arbitrarily chosen to be 100 and
200 nmi. Region size is defined as the distance of the most distant

radar from the region center,

Table V

Difference Between Ground Range FEquations 8 and 9 versus Region Size

Geographic Latitude  Approximate 6 (nmi) § (nmi)

of Most Distant Radar Region Size Ec,Es R=100nmi R=200nmi
47° 120 .9999 .009 .018
49° 240 .9995 .049 .098
51° 360 .9988 .120 .239
53° 480 .9978 .221 442
57° 720 .9948 517 1,033
61° 960 .9906 .937 1,875
65° 1200 .9852 1,485 2.969
43° 120 .9998 .021 042
41° 240 .9993 072 .145
39° 360 .9985 .154 .308
7° 480 .9973 «266 .5343
33° 720 +9942 .581 1,163
29° 960 .9898 1,018 2,036
25° 1200 .9842 1,576 3,152
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Exsaination of Table V reveals that for R equal to 200 nmi,
values of & will exceed .36 nmi for regions somewhere between 360 nmi
and 480 nmi. This indicates that the SAGE/BUIC utereographic ground
range equation will produce unacceptable results in large regions.
Some of the current SAGE/BUIC regions exceed these limits, and all
JSS regions will exceed these limits by a considerahle aargin.
Section III of this report is devoted tr depicting the registration
errors produced by the SAGE/BUIC and JSS stereographic ground range
equations in the seven JSS regions,



SECTION IXI

EFFECT OF THE SAGE/BUIC AND JSS STEREOGRAPHIC GROUND RANGE
EQUATIONS ON REGISTRATION

INTRODUCTION

Accurate stereographic projection of radar data onto the cosmon
coordinate plare is vital te the operaticn of air defense and air
traffic contvol systems. Large registvation errors seriously dowm-
grade the performance and stability of the active tracking algorithm.
For each of the seven JSS regions, simulated radar data was used to
demonstrate the effect of the SAGE/BUIC and JSS stereographic ground
range equations on reglstration.

SIMULATED RADAR DATA

- Radar slant raage and azimuth data were genevated for four aic-
craft locations at altitudes of 30,000, 45,000 and 60,000 fr  in each
JSS vegion. Appendix I iundicates the algorithm used to produca'the
data. For a particular radar;”a slant range-arimuth paie was gener—
ated only if the aircraft vas within 250 nat of the radar and above
the radar horizon. Adrcraft locatione were chosen so that slant
ranges for the reporting vadars would be greater than 170 mai.

Radar slant ranges vere converted into steveographic ground
ranges using the SAGE/BUIC and JSS stercogrsphic ground range e-

- quations (equations (8) and {9)). Sterecographic ground ranges were
transformed inteo ccordinates on'the cosmon plane using equations (16)
anﬂ (i7). Since the location of the aircraft was knowm, sctual
coordinates on the common plane were cosputed using equations (13)
and (14). The registration error was obtained by taking the msgaitude .
of the difference betweesn the actual coordinates on the comson plane
and those obtatned by the SAGE/BUIC and JS§ steéreograplilc ground rauge

equations.
A k]




Appendix II presents the data for the seven JSS regions. For
each region, there is a Site Data, a Simulated Radar Data, and a
Registration Error table. In addition there is a figure showing
the location of the region center, radar sites, and aircraft. The
following information is given in the tables.

Site Data Table:
1. Approximate geographic latitude and longitude of the
region center and radar sites.
2. Radius of the earth to each radar site.
3. Coordinates on the common plane for each radar site.

4. The radius of the conformal sphere.

Simulated Radar Data Table:

1. The geographic latitude and longitude and altitude of the
aircraft in the region,

2. The designation of all reporting radars.
3. Slant range and azimuth data for all reporting radars.

Registration Error Table:

1. Stereographic ground range calculated using the SAGE/BUIC
and JSS ground range =quations.

2. Coordinates on the common plane obtained from the SAGE/
BUIC and JSS ground range equations,

3. Coordinates on the common plane obtained from the actual
aircraft locations.

4. The registration error induced by the SAGE/BUIC and JSS
ground range equations.

Examination of the tables ir Appendix II reveals that use of the
SAGE/BUIC stereographic ground range equation resulted in registration
‘errors that exceeded the .18 nmi JSS registration error budget in all
cases tested. Use of the JSS stereographic ground range equation
resulted in acceptable registration errors. Table VI susmarizes the
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worst case results for slant ranges of approximately 180 umi in each '
of the seven JSS regions.

The omiasion of the factor Ec/Es is responsible for the large
registration errors produced by the SASE/BUIC stercographic ground
range equstion. Por a particular region, the value of Ec is comnstant.
The most southerly radar will have the largest value of Es‘ There~-
fore the value of § ae calculated by equation (29} will be largest
for the most southerly radar. Thia indicates that the worst case
errors will be produced by the most southerlv radar, and the best
case errors by the most sortherly. Further examiuation of Appeadix

II supports this conclusion.




.
|

. ],f

SECTION 1V

CONCLUSIONS

The scale factor EC/ES should be included in the stereographic
ground range equation to avoid large repistration errors. This is
easpecially important in large regions. The JSS stereographic ground

range equation for processing returns with height data is:

E_ (s2 - §Hl/?

S ,
m/2 + h
Ss(l *- ZES )

The present SAGE/BUIC stereograpbic ground vange equations

Rs

. should be modified to reflect the scale factor Ee/ES. The wodifi-
_' cation would require a change in the adaptation parameters ou a site~ .
 by-site basis. ‘ ‘ B '
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APPENDIX I

. GENERATION OF SLANT RANGE AND AZIMUTH DATA

Radar slant range and azimuth data are calculated for aircraft

locations using vector operations. The vector V from the center
of the earth to a point on or above the ellipsoid is calculated as

follcws.
Xv u (N + H)cos Lcos)
Y= Yv = (N + H)cosLsin)
2, = INQ - ¢®) + H]stal (A-1)
; where:

H is the height ¢f the point above the ellipsoid
A i5 measured positive east of the prime meridian
The slant range S is compuied as follows. '

S=1-R
s = |3 )

where:

I, R are vectors from the ceanter of the earch to the atrcrafe
and vadar respectively, '
~ The aircraft wust be above the radar horizon for a radar‘return to
be possible. The aircraft is above the radar horizom 1f:

£:2>0
where:

Z 1s a unit vector directed along the zenith of the reporting

radar as fellows:

4 | mm“




X = cosL_cos)
r r

-~

Z ={Y = cosL sin)
- 2z r r

Zz = sinLt (A-3)
Lr’ Ar are the geographic latitude and longitude of the raport-
ing radar
The azimuth angle 6 is calculated as follows.
-1|S°E
8 = tan E:E] (A-4)

where:

E 18 a unit vector directed due east of the reporting radar as

follows.

XE = --einAr

E= YE - cosxr

ZE =0 " (A-5)

N 1s a unit vector directed due north of the reporting radar as
&k follows.

;L 5 = ~ginl cosi
] Y r

fE N YN = -ginl sin)
Lk - t r

z,, = cosl_ (A-6)

g
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APPENDIX II

SIMULATED DATA FOR THE SEVEN JSS RFGIONS

Radar slant range and azimuth data were generated for four air-
craft locations at altitudes of 30,000, 45,000 and 60,000 feet in
each JSS region. For a particular radar, a slant range azimuth pair
was generataed if the aircraft was within 250 umi of the radar and
above the radar horizon. Radar slant ranges were converted into
stereographic ground ranges using the SAGE/BUIC and JS5 ground range
equations, Stereographic ground ranges were transformed into co-
ordinates on the commoa coordinate plane, The actual coordinates on
the common plane were also obtained. The registration errors induced

by the SAGE/BUIC and JSS ground range equations were calculated.

For each JSS region, there is a Site Data, Simulated Radar Data,
and Registration Errors table. Tn addition, there is a figure

showing radar site, aircraft, and region center locations,

Explanation of Tables

The Site Data Tahble shows the following.
a) Approximate latitude and longitude of the radar sites and
region center. '
b) The earth radius to each radar site calculated using
equation (12).
¢) Coordinates on the common plane for the radar sites calcu-
lated using equations (13) and (14). '
d) The radius of the conformal sphere calculasted using equation
Q7). | - |
The Simulated Radar Data Table shows the following.
a) The latitude, longitude and altitude of the aircraft,
b) The slant range and azimuth for all reporting radars. A

43
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radar is a reporting radar if the target is within 250

nmi and sbove the yadar horizon. Slant range and azimuth

data are calculated using the algorithm in Appendix I.
The Registration Error Table shows the following.

a) The stereographic ground range calculated using the SAGE/
BUIC and JSS ground range equations (equations (8) and
9)).

b) Coordinates on the common plane obtained from the SAGE/BUIC
and JSS stersographic ground range equations using
equations (16) and (17).

¢) Coordinates on the common plane obtained from the actual
location of the aircraft using equations (13) and (14).

d) The registration error induced by the SAGE/BUIC and JSS
stereographic ground range equations.
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